ABSTRACT. If a, b, c are non-zero integers, we considerer the following problem: for which values of n the line ax + by + cz = 0 may be tangent to the curve x n + y n = z n ?
Introduction
The classical Fermat Conjecture (which was proven to be true [6] ) states the impossibility of finding three integer = 0 α, β, γ such that α n + β n = γ n , where n is an integers ≥ 3. In geometrical terms, the theorem is equivalent to say that the Fermat curve x n + y n = z n , where n ≥ 3, contains no points whose coordinates in the proyective plane over C can be expressed in the form [λ : µ : ν], where λ, µ, ν are non-zero rational numbers. If F is a field extension of Q, we shall say that a point P in the proyective plane over C is an F-point if there exist elements λ, µ, ν ∈ F not all zero, such that P = [λ : µ : ν]. Thus Fermat's Theorem states that the curve x n + y n = z n contains no Q-points for n ≥ 3. It is well know that the Fermat curves do not have singular points and hence every point [x 0 : y 0 : z 0 ] of the curve yields a unique tangent line x n−1 0
x + y n−1 0 y = z n−1 0 z. We shall say that a line L is an F-tangent to the Fermat curve x n + y n = z n if the equation of L can be expressed in the form λx + µy = νz, where λ, µ, ν ∈ F not all zero and L is the tangent at some point of the curve. It is obvious that the tangent at an F-point of the curve is an F-tangent but the converse is not true: the line x + y = z is a Q-tangent of the Fermat curve x 7 + y 7 = z 7 but the points of tangency are not Q-points. In fact, the line x + y = z is tangent to the curve at the points (cos Generalized Fermat Conjecture (GFC). Let n be a natural number ≥ 3 which is not congruent to 1 (mod 6); then the Fermat curve x n + y n = z n has no Q-tangents. The main relation between (GFC) and (FLT) lies in the imposibility that Fermat curve x n +y n = z n has no Q-tangents. More precisely, the Fermat curve is the algebraic curve in the projective plane over C defined in coordinates [x : y : z] by the Fermat equation:
M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n
Therefore, in the affine plane its equation is:
An integer solution to the Fermat equation would correspond to a nonzero rational number solution to the affine equation, and vice versa. But by Fermat's Last Theorem (FLT) it is now known that (for n > 2) there are no nontrivial integer solutions to the Fermat equation; therefore, the Fermat curve has no nontrivial rational points.
In this paper we shall prove the Generalized Fermat Conjecture for n = 5 and for every integer n ≥ 3 such that n − 1 is a prime number.
Preliminary
The terminology of [2] , [3] , [4] and [5] , is used throughout.
Let p be a prime number ≥ 3. Let us denote by ζ p the primitive pth root of unity given by e iπ p . We know that Q(ζ p ) :
is the minimal polynomial of ζ p over Q. Using this fact, we can prove the following result:
The second degree polynomial
has the number i sin 
and, by the tower law, we have
as wanted. :
THE GENERALIZED FERMAT CONJECTURE
{The Chebyshev's polynomials S m (x) (m = 0, 1, 2, . . .) (see [1] )} are defined recursively as follows: 
Adding these two equations, we would obtain p − 2 ≥ p − 1, a contradiction. Hence the number λ has to be irrational.
Main result
We prove the generalized Fermat conjecture for the special case n = 5 and for every integer n ≥ 3 such that n − 1 is a prime number.
Theorem 3.1 (Generalized Fermat Conjecture). Let λ, µ be non-zero rational numbers and let n be a natural number such that n − 1 is prime or n = 5. Then the line L : λx + µy = z is not tangent to the Fermat curve of degree n. P r o o f. Suppose, on the contrary, that L is tangent to C : x n + y n = z n and let [x 0 : y 0 : 1] be a point of tangency. We shall prove this point is rational, contradicting Fermat's theorem. We have then x 
With no loss of generality, we may suppose that j ≤ k. We prove first that the numbers x 0 , y 0 are both real numbers, that is, the only possible values of j, k are 0 or n − 1. Indeed, if k = 0, n − 1, then also j = 0, n − 1 and we would have a second equation taking conjugates:
Adding and subtracting (3.1) and (3.2), we would have
The determinant of this system is:
and it is equal to zero only if k = j or k = j + (n − 1). But then w j = ±w k and equation (3.1) could be written as follows:
n−1 ) = 1 and w k would be a real number, which a contradiction. Therefore, sin π(k−j) n−1 = 0. Applying Cramer's rule, we obtain:
If n − 1 is a prime number p ≥ 3, then:
We know [Q(w) : Q] = p − 1. It is obvious that w k + w p−k = 2i sin kπ p for each integer k. Therefore, both numbers λ|λ| Since p is a prime number, there exist integers s 1 and s 2 such that:
By Lemma 2.2, we deduce s 1 , s 2 ≡ ±1 (mod p). But then sin Setting α = µ|µ| 1 n−1 , we deduce α is a common root of the rational polynomials ϕ(x) = x n−1 − µ n−1 |µ| and ψ(x) = (1 − x) n−1 − λ n−1 |λ|. If n − 1 is an odd prime number, α will be the only common root of ϕ(x) and ψ(x), because if we had another common root, this would be of the form w 2k µ|µ| 1 n−1 , with k = 1, . . . , n − 2 and we would have on substituting in ψ(x), an equation of the form: w j λ|λ| 1 n−1 + w k µ|µ| 1 n−1 = 1 with j, k = 0, n − 1, which we have already proved is impossible. If n − 1 = 2, the polynomials ϕ(x) and ψ(x) have degree 2 and therefore they could not have another common root. If n − 1 = 4, then −α cannot be a root of ψ(x), because in that case (1 − α) 4 = (1 + α) 4 and this would imply that α = 0. Reasoning as before, we deduce that w k α, with k = 0, 4, cannot be a root of ψ(x). Therefore, in any situation, x−α must be the greatest common divisor of ϕ(x) and ψ(x). But ϕ(x) and ψ(x) are both rational polynomials and so its greatest common divisor must also be a rational polynomial. We conclude then that α is a rational number, so also |µ| 1 n−1 must be rational. In similar way, we can prove that |λ| 1 n−1 is rational. But then [x 0 : y 0 : 1] is a rational solution of x n + y n = z n , contradicting Fermat's Theorem.
